Simple Linear Regression
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Random Vectors

Y =1, Ya,...,Yn)T

E(Y) = (E(V1),E(Y2),...,E(Ya)T
VarY = E[(Y —E(Y))(Y —E(Y))T] =%

Var(Y1) Cov(Yy,Ya) -+ Cov(Y1,Yn)
b Cov(Y2,Y1) Var(Y2) - Cov(Y2,Yn)
Var(Yn)

Properties of X
(1) = is Symmetric. ¥ = =7
(2) X is positive semi-definite (@'Xad > 0 Va € R")
(3) If Y1,...,Y, are independent then
Cov(Y;,Y;) = 0Vi # j. X is a diagonal matrix.
Basic Properties of Random Vectors

Let A be a n x n matrix of constants and b be a n x 1 vector
of constants.

(1) EGTY) = bTE(Y)

(2) Var(bTY) = bT Var(Y)b

(3) E[AY +b] = AE[Y] +b

(4) Var(AY +b) = A Var(Y)AT
Multivariate Normal Distribution
Y ~ MV N has the p.d.f

1) = 2 #1217 e S - 072 G- )
E[Y] =i
Var(Y) ==
Properties of MVN
(1) AY + b~ MVN(Af + b, ASAT), bTY ~ N(bT i, b7 b)
(2) Y5 ~ N(ui,o02), 02 =3y
(3) If ¥ ~ MVN then ¥ is a diagonal matrix <>
Y1,...,Y, are independent.
(4) V= AY’7 W = BY. V,W are independent
< AZBT =0
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Vector-Matrix Differentiation

% (aTa_:’) =a= % <5Ta)

a% (azTAf) — 2AF

Multiple Linear Regression Models
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Least Square Estimation
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Sampling Distribution of OLS
B=xXTx)"'xTY

E(B) = E(X"X)7'XTY)

= (xXTx)"'XxTE®Y)

— (XTX)IXTXG = 8
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B~MVN(B,o*(XTX)"Y) | B ~ N(B;, Var(5)))
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Fitted Values
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Let H be the Hat Matrix.
(1) H is symmetric HT = H
(2) H is idempotent H = H?
(3) I — H isidempotent (I — H) =

Estimation of o2
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02 = ———— 5
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Inference in MLR

Inference about f;

Bj ~ N(B,0*(XT X))

(1 — @)100% CI for §; is

N o ~

Bj + tnfpfl (1 - 5) SC(f)’j)
Hp : B; = 0 then the t value is

Bi—Bj
se(B;)

Inference about Mean Response

It =
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Prediction Interval

Yy, = B+ Ry
E[Y, —Yp] =0
Var(Yp — Yp) = 02 + 7 {02(XTX)_1] c

—_————
Var(8)

se(Yp — Yp) = 1/ 02 + cT Var(B)c
Yy — Yp

— = ~lp—p-1

se(Yp — Yp)

(1 — @)100% Prediction Interval for Y}, is

Vot tnp (1- %) se(Yp — Yy)

ANOVA in MLR

Source Sum of Squares | d.f MS

Model é(ﬂi -9)? P H é)l(ﬂi -9)°

Residual iz: #2 (n-p-1) | =g é;l 72

Towl | S@-0? | (-1 | iy X9
F-test for Significance of Model. Hp : Bo =51 =--- =0,
Hg : 385 #0.
e MMS MSS/p

RMS  RSS/(n—p—1)
If Hg is true then F ~ F}, ,_p—1. p—value = P(Fp ,—p—1 > F)

Coefficient of Determination

R2_q_ BSS _ MSsS
N TSS ~ TSS
Rgdj:1—RMS:1— n—1 1- R’
TMS n—p—1

Geometric Interpretation

X =[1n X1 Xp] i=Xf

Geometrically g € Span(1,,Xq,...,Xp) = Col(X).

We need to choose i € Col(X) such that i is the closest to
observed y.

The point which makes the residue vector F= y — ¢ the
smallest is when it is perpendicular to Col(X).

7 L Col(X)
= XT7r=0 <= XTF=0,41
XT#=0p41 , XT(y—XB) =0p41
f=(xTX)"1XTy
fi=XF=XXTX)"'XTy = Hy
Test General Linear Hypothesis

CqX(p+1)7 gqxl

HO:ngg

C has a row rank of q. Each row corresponds to a linear
restriction on S

CB ~MVN(CB,o2Cc(XTx)~1cT)
(CcB—-cp)Te*Cc(xTX)" et )" CB - CB) ~ x;
F—test for Hp : CE =b If Hy is true then

_ (CB-0p)T[*C(XTX)"1CT]"H(CB - CP)
q

F ~ Fq,n—p—l
p—value P(Fyn—p-1 > F). q is the number of
constraints/restrictions on E .

Restricted Sum of Squares: RSS¢ residual sum of squares for
the restricted model under the linear constraints. We can
write F' statistic as

_ (RSSc — RSS)/q

= ~Fy e
RSS/(n—p—1) ~onrt

Model Diagnostic
Assumptions in Linear Regression
e Linearity p; = E(Y;) = Bo + B1xi1 + - -+ + Bpxip
e Independence R; are independent
e Homoscedasticity: Vi Var(R;) = 02 (Equal varriance)
e Normality: R; ~ N(0,02)

Residual Plots
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o0?(I — H) might not have non-zero non-diagonal entries. If H
is small relative to I then 7~ R and 7 ~~ MVN(0, ¢21).

Var(#;) = \/02(1 — hs;). Where h;i is the i—th diagonal of H.

Standardized Residuals: @

&
Studentized Residuals: = ri

o2(1 — hy;)

Data Transformation

A_
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Weighted Least Squares

A£0

(Box-Cox
A=0 )

Y; =@ B+ R
o2

E[R;] =0, Var(R;) = —
w
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wiYi = vwia;" f+ VwiR;

R} = Vw;R; , Var(R}) = o2

WLS is equivalent to regressing transformed /w;y; on the
transformed co-variates /w;Z;. Where W needs to be known
(or estimated).
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Bwrs = (XTWx)'xTwy

Var By rs = (XTWX) ' XTW Var(W)W X (X TWx) !
Var s = (XTWX) "L if Var(Y) = W1

Var BWLS = (72(XTVVX)71 if Var(?) =o2w!
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Computing weights:

residfit = lm(abs(rstand.ols) ~ muhat.ols)

wts = 1/(fitted(residfit)~ 2)

Influential Points

div
d'uL = h;; leverage of point ith observation

Yi
d (7 h ..

'lfl = " __ elasticity of point ith observation
dr; 1—hy

n
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i=1 n
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(deleted residual)

ol =l h
62(p+1) "1—hy p+1
Variance Inflation Factors (VIF) VIF; = —L

(Cook’s Distance)

171?? .
Model Selection
SSR,
Cp=—; P _nt2p+1) (Mallow’s Cyp)
Ttull

AIC =2(p+1) — 21n<L(é)) (Akaike’s IC)
AICGaussian = Q(LD + 1) - g IH(SSR)

BIC = (p+1)In(n) — 21n(L(é)> (Bayesian IC)



