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1 The Rank of a Matrix and Matrix Inverses

Definition 1.1: Rank of a Matrix

Let A € My,xn(F) the rank of A denoted by rank(A) is rank of the linear transformation L4 : F™ — F™.

rank(A) = dim R(L4) = dim L4 (F™)

Remark 1.1. Let A € M,,«» and let aq,...,a, be column vectors ofA then
rank(A) = dim Col(A)
Where Col(A) is the column space of A defined by
Col(A) = span({ay,as,...,an}
Proof. The range of Ly R(L,) is generated by {La(e1), La(e2),...,La(en)}. Therefore

R(La) =span(La(e1),La(ea),...,La(en))
= span(Aeq, Aes, ..., Aey,)
= Span(al, az, ..., an)

= rank(A)

Since Ae; = a;.

Remark 1.2. Let A € M« then rank(A) < min(m,n). Since {a,...,a,} generates A.

Therefore dim R(L4) < n. Since R(L4) C F™ therefore dim R(L4) < m.

Let T : V — W be linear if V; is a subspace of V' then
(1) T(Vp) ={T'(z) | = € Vp} is a subspace of W

(2) If dim V) < oo then dim Vy = dim T'(Vp).




1.1 Rank of matrix products

Theorem 1.2

Let A € M,,xn let P € My, xm and Q € M, «, be invertible. Then

(1) rank(AQ) = rank(A).
(2) rank(PA) = rank(A).

(3) rank(PAQ) = rank(A).

Proof Sketch.

(1) Since Q is invertible Lg(F™) = F™. Therefore

dim R(Lag(F"™)) = dim R(L4(F"™)) = rank(A)

(2) We can apply Lemma 1.1 with T = Lp and V=W =F" and Vj = L4(F") C V. Then we have

dim R(L 4(F™)) = dim Lp (LA (F"))
rank(A) = dim Lp(L4(F™))

rank(A) = rank(PA)

Corollary 1.1.1: Invertible Matrix Theorem 2

Let A € M, x,, is invertible if and only if rank(A4) = n.

Proof. (=) Using the above theorem we have rank(A) = rank(AA~1) = rank(Z,,) = n.

(<) If rank(A) = n then n = dim LA(F™) = n. Therefore Ly is onto — L4 is an isomorphism — A is

invertible. ]

Corollary 1.1.2

Elementary Row/Column operations are rank preserving.

Proof. Since B = E A therefore rank(B) = rank(FA) = rank(A) because E is a square matrix. Same applies to

column version. O




Theorem 1.3

Let A € M,,«x, then using a finite number of row and column operations we can transform A into the

form

Where O1, Oz, O3 are zero matrices and r = rank(A).

Proof.
il oo -] 1] o o -]
0 0| 1 o)
A > A/ = A k !
0 B 0
. - - 02 03_

Using some elementary row / column operations we can transform A to A’ then inductively we can transform

B’ in the form. Then we have

rank(A) = dimspan(ey, eg,...,€,,0,0...) =7

O
Theorem 1.4
Let rank(A) = r, then using finite row/column operations we can transform A into the Dypper form.
1 dya dig diy digin din
0 1 dog dyy  dopin dan,
Dupper =10 0 0 e 1 dr:H»l e drn
0 0 0
0 0 0 0 0 0
Proof. 1t is clear that rankDypper = 7. O



1.2 Rank of Matrix Properties

Corollary 1.2.1

Let A € M,,«, then there exists invertible matrices with size m x m and n x n such that
D = BAC
where
I. O
_D =
Oy O3

Proof. Since we are applying a finite number of row/column operations we have

D=RiRi_y...RiACiCy...C,

B C

B and C are both invertible since they are product of elementary matrices.

1. rank(A) = rank(A?)

Proof. Let D = BAC where B, C are invertible matrices. Then

D' = (BAC)! = C'A'B!

Since B' and C* are invertible we have rank(A") = rank(D?").

| m o
05 0

Since D! is in the same form as D we have rank(D?) = r = rank(D).

Corollary 1.2.3

rank(A) is the dimension of subspace generated by the rows of A.

Proof. The columns of A are rows of A’ and using the previous corollary we have the result.



1.3 Rank of Matrix Product

Let A, B be matrices such that the product AB is defined then

rank(AB) < min{rank(A),rank(B)}

Proof.

R(Lap) ={ABx |z € FP} C{Ay |y € F"}

Therefore rank(AB) < rank(A). For B we have

rank(AB) = rank((AB)") = rank(B'A") < rank(B") = rank(B).



2 Four Fundamental Subspaces of a Matrix

Definition 2.1: Four Fundamental Subspaces

Let A € My (F)

#1 Col(A) = {Ax | x € F"} C F™. Span of the column vectors of A. Column Space of A
#2 Row(A) = Col(A?). Span of the row vectors of A. Row Space of A

#3 Null(4) = {x € F" | Ax = 0} Null Space of A

#4 Null(AT) = {x € F | ATx = 0} Left Null Space of A

Theorem 2.1

Let A € My (F)
(1) Col(A) and Null(A) are subspaces of F™; Row(A) and Null(A?) are subspaces of F™.
(2) rank(A) = dim Col(A4) = dim Row(A).

(3) nullity(AT) = m — rank(A) and nullity(A) = n — rank(A)

Proof Sketch. (3) The nullity(A) is the dimension of Null(A) so if we apply Rank-Nullity Theorem on Ly :

F™ — F™ we have

rank(L4) + nullity(L4) = n

~ rank(A) + nullity(4) = n

The same applies to A* and using rank(A) = rank(A7T).



3 The Inverse of a Matrix

Theorem 3.1: Invertible Matrix Theorem 3

Let A € M, x,(FF) then the following are equivalent
#1 A is invertible

#2 Col(A) =F»

#3 Row(A) =TF"

#4 A is a product of elementary matrices.

Proof. (1) < (2). Since A is invertible rank(A) = dim Col(A) = n therefore Col(4) = F™. On the other hand

if Col(A) = F™ then again we have A is invertible. Similarly we have prove (1) < (3).

(1) = (4) Let
A=E\E,--E,
Then since each F; is elementary the inverse exists and we define
A =E'ETY - BT
(4) = (1) Assume A is invertible then rank(A) = n and by Corollary 1.2.1 we have

Ir Ol
D =

Oz Os

Since r = rank(A) we have r = n. Therefore D = I,,. So we have

1, = BAC

B l,c7t=4A

Since B, C were product of elementary matrices their inverse is a product of elementary matrix.

A = B71C!is a product of elementary matrix.

Therefore
O



Remark 3.1. The Let A € M,,«,(F) then notation B = (A | I,,) represents the extended matrix of dimension

(n x 2n). where the first n columns (b;)?_; = a; and (b;);>n = I;.

Theorem 3.2: Algorithm to find Inverse

If A is an invertible matrix then we can transform

(A L)% I | A™Y

Where R is a finite sequence of row operations.

Conversely if A € M,,«,(F) and there exists B such that
(Al L) % (I | B)

Where R is a finite sequence of row operations. Then B = A1,

Proof. (=) We have

AN A L) =AtTA 1A L) = (1, | A7TY

This holds because A~! is multiplied with ever column. By the invertible matrix theorem since A~! is invertible

it is a product of elementary matrices. We let

A =FEE, - E

Therefore

EyEpy - Er(A| 1) = (I | A7)

So if we perform the row operations E1, E», ..., I, we can transform the matrices.
(<) Let G1...G)p be the elementary matrices obtained by applying the finite row operations on (A | I,,).

Therefore we have

Gyp...Cy(A| ) = (I | B)
GA|IL) = (I.|B)
(GA | GIn) = (In ‘ B)

(GA]G) = (In|G)

So GA = I,, and G = B, therefore BA = I,, and by the invertible matrix theorem 2 we have B = A~ O
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