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1 Linear Combinations and Systems of Linear Equations

Definition 1.1: linear combination

Let V be a vector space over F and let S be a non-empty subset of V. Then x € V is a linear combination

of S if there are a finite number of uy,us,...,u, € S and a; € F such that

r=ajuy + aus + ...+ anuny

Definition 1.2: span(.S)

Let V be a vector space and S C V with S # @. Then span(S) is all the set of all Linear combinations

of S. We define span(@) = {0}.

Example 1.1. Let S = {(0,1,0),(1,0,0)} for V = R3. Then span(S) = {a(0,1,0) + b(1,0,0) : a,b € R} =
{(a,b,0) : a,b € R}. This is the zy—plane.

Example 1.2. Let V = Msy2(R). and we define
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Then let x = . Does z € span(S)? Then we must have
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This system has no solutions. So = ¢ span(S).

Theorem 1.1

Let S be a subset of V. Then span(.S) is a subspace of V. Moreover, span(S) is the smallest subspace

of V' containing S.
e span(S) is a subspace of V containing S

e If IV is any other subspace of V' containing S then span(S) C W.

Proof. Let S # & since the @ case is trivial and {0} is a subspace of V. The first case of subspaces is satisfied.
Let w € S, then 0-u = 0 € span(S). So span(S) # @. Now consider z € span(S) and let ¢ € F. Then
consider cx = C(Z?Zl aju;) for u; € S and a; € F. Then using the generalized distributive property we have

CT = caiuy + caxus + ...+ Capy € span(S).



Now for closed under addition. Let z,y € span(S). By definition we have uy,us...u, € S z,y can be

written as linear combinations of u;.

r=au1 + ...+ apty, Yy =0bius +bous+ ...+ byun,

Then we have using associative, commutative and distributive property of V' we have

x+y=(a1+b)us+ ...+ (an + by)u, € span(S)

So for all z € S we have x € span(S) since 1-2 = x. Assume W is a W is a subspace of V and S C W. Let
z be a linear combination of u; € S. So we have x = ajuy + ... + anu,. Since S C W. Then uy,us,... € W.
Since W is a subspace then ajuq + ... anu, € W (Closed under addition and scalar multiplication). Therefore

span(S) C W. O

Definition 1.3: Spans

Let S CV we say S generates/spans V if span(S) = V.

Since for any vector space and set S we always span(S) C V showing V' C span(S) is enough to show

span(S) = V.

2 Linear Dependence and Linear Independence

Definition 2.1: Linear Dependence and Independence

A set S is called linearly dependent if there exists a finite number of distinct vectors u]-, € S and

ciry € F, such that all ¢; are not zero such that

ciuy + cous + ... +cpuy =0

A set S is called Linearly independent if it’s not linearly dependent.

Note 2.1. If can show that cius + coug + ... + cpuy, = 0 <= ¢, = 0 for all vectors {us,ug,...,upn}t =95,

then S is linearly independent.



Theorem 2.1: Linear Dependence Condition

Let S C V of a vector space V of F. Then S is linearly dependent if and only if S = {0} or some u € S

which is the linear combination of other vectors in S.

Proof. (<) S = {0} is already linearly dependent. Now assume some x € S is a linear combination of other

vectors in S. So let

T =cCiu; +coug + ...Crlun
~>cur+ ... +epu, —x =0

cur + ...+ cpun(—1)z =0

By definition S is linearly dependent. (=) Assume S is linearly dependent. By definition we have

ciul + coug + ...+ cpuy, =0

For distinct u; and (c1,ca,...,¢,) # (0,0,...,0). Now without loss of generality we can assume all ¢; are non

zero and we can remove any 0. So now we have 2 cases n =1 and n > 2.

Case I If n = 1 then cyju; = 0 then c1_1 exits and multiplying it on both sides gives u; = 0 so 0 € S. Now if
S # {0} then we pick v € S\ {0}. Then we have 0 =0-v; so 0 is a linear combination of another vector

inS.

Case II n > 2 Since a, # 0 the multiplicative inverse exists.

ClU1 + CoUg + ... = —CplUpn

—ClUg — CoUg + ... = CplUp

Since ¢, is non-zero all of them have a multiplicative inverse of a,, € F exits, therefore we have

up = (e ) (= )ur + (e ) (—ca)uz + ...

So u,, is a linear combination of vectors in S.
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