Basic Statistics
Var(aX+bY)=a? Var(X)+b? Var(Y)+2ab Cov(X,Y)
Var(aX—bY)=a? Var(X)+b2 Var(Y)—2ab Cov(X,Y)

European Put/Call
CT - maX{ST - K, O}
Py = max{K — 5,0}

Risk free asset

IS
Ss
—~
9
~
I

r- B(T)dr
e—r(T—t)B(T)

Sy
—~

~~
S~—

I

Binomial model
ST(up) = U’SO ) ST( dSO

0<d<1l+4+r<u (Arbitrage free)

down) —

Trading Strategy is a pair I = {J,,7,} represent-
ing number of stocks and risk-free bonds. Value at ¢t =
0Oand t =T is:

Iy = 5009 + 10 By

Ip = Spdy + 19 Br
An arbitrage strategy is a trading strategy:
Il =0 and II; > 0 almost surely

II, <0 and IL; > 0 almost surely

Pricing using replicating portfolio: Given arbi-
trage free market

if Il = Vi almost surely = I =V,
in general IT, =V, for ¢ € [0, T]

Replicating portfolio period-1 Binomial model
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6oST +noBr =Vy
605% +ngBp = V§

Vi — Vi

= y=-L T
07 su_gd

Theorem (Put-Call Parity): Assume an arbi-

trage free market with risk free interest rate r >

0. Assume S, doesn’t pay dividends. Then at

any time ¢ € [0, 7], then European call C, and

put P, with same strike price K and same expiry
T satisfy

C,—P,=8,— KemT-%

Lemma (Risk neutral expected values): Con-
sider an arbitrage free market
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and ¢* satisfy ¢* € (0,1). Then under probabil-
ity measure Q with Q(up) = ¢* and Q(down) =
1 — g“ we have
So = e "TE%(Sy)
Vo = e "TE(Vy)

Proposition: Under the N —period Binomial
model with 0 < d < e™* < u. Suppose Vy is
a random variable (derivative payout at matu-

rity).
= e TAEC Vi1 | T nial

n<w17w27"'7wn) n

e*"“At(q“ Vin4+1(W1,w2,wn, up)+(1-g¥) V11 (w1,wa,wn, dOW"))

Then V, is the fair value of the derivative at
time 0

Algorithm: Given N, compute V},
1. Compute all possible payouts Vi (wy,...,wy)
2. Go backwards. For n =N -1, ..., 0
o For all states w €

Vi (wy,eywy)=e "8 (g4 V,, 15 (up)+(1—¢¥) V41 (down))
3. Return V;

Definition (Log Normal Returns):
Xy, = log(5y)

AX, =X, ,—X, = 1og(Sg+1)

n



Definition (Standard Brownian Motion):

1. W, = 0 almost surely,
2. For any s >t >0 the increment W, — W,
satisfies

Wy, —W,~N(0,s—1t)

3. For any 0 <t; <ty <t3 <t, the increments
Wy, — W, ,W,, — W, are independent
4. The sample paths (¢, W,) are continuous al-
most surely.

Definition: Let (W;) _  be a Brownian Mo-

tion.
1. The process

X, =ut+oW,, t>0
is called a Brownian Motion with drift g and
volatility o

2. The process Y, = Y, exp(X,) is called a geo-
metric Brownian Motion.

Definition (Black Scholes Model): Under the
Black Scholes Model we assume the random
stock price process satisfies

dS, =S, -u-dt+ S, -0-dW,

Proposition (A solution of the BS SDE):
dS, =S, - p-dt+S,-o-dW,

is given by

o2
S, = Sy exp K=o t+ oW,

Definition (Quantile function):

F(y)=inf{z e R: F(x) > y},y € [0,1]

Algorithm (Inversion method): Given a CDF
F sample X ~ F as follows
1. Sample U ~ U(0,1)
2. Return X = F* (U)

Monte Carlo estimator
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Where §,, is sample standard deviation.

Antithetic Variates

e Replace n independent observations with 7 pairs
of antithetic observations.

9(X)+9(X;)
2

e X,, )’(YZ are negatively correlated.

1 & o(X) +9(X5)

= Var(/©) (1+ Cor(9(X,) + (X,)))

—~

Var(iY) < Var(°) & Cor(9(X,) +5(%5)) <0

Control Variates

n

w1 : |
ALY = 5 2 it Bl = 1)

=1
res; = Y; + B(pu. — C;)
d(res)
1—a) CI gV 4 7, o2
< Oé) o, =+ 1—5 \/ﬁ
E(C) = pe is known
Var(/lgv) is minimized when
., Cov(Y,(O)
g = T )
Var(C)

To estimate §* we can:
1. Use the same sample, resulting estimate ,&SV not
necessarily unbiased. For large n bias is negligible.



2. Use pilot study. For nP™* sample (Y}, C;) and esti-
mate 3*

e The more correlated C and Y are, the better the
improvement over crude MC.

e ASV is asymptotically normal so CI can be esti-
mated in normal way.

Brownian Bridge

e« We can sample the path out of order using condi-
tional distributions. This saves time since we may
not need to sample the full path

Theorem (BM Conditional Distribution): If

(W), is a standard BM, then for any u < v <
- w we have
X=W,|(W,=aW,=0)
XNN(an—I—Uub,(Uu><wv))
w—u @ w—u w—u

e We can sample the stock price St17

Sy,

order using the conditional distributions.

in any

Multivariate Normal Distribution

Definition (Multivariate Normal):
X Nd (/’La Z)

if X =p+ AZ, where Z = (24, 29, ..., 24
Z;~N(0,1) and AAT =%

) with

Sampling from the multivariate normal
e Let A be the e Cholesky factor of ¥, which is a
lower triangular

matrix so that AAT =%

1. Fori=1..n
e Sample Z,,...,Z; ~ N(0,1)

2. Return X

Correlated assets

N(0,1),Z =

o Let 2,72, ~ (21, 25)

1 0
A= (p m) and p € (—1,1)
e X =AZ, then

« Xy =2,+0-2y, Xy =pZy + /1= p*Z,

- 2=(, 1)

« Cov(X;, X;) = Cor(X;, X,) = p

We can sample two correlated standard Brownian
Motions W), W2 Cor(W W<2>) =p

~ N(0,1)

Wél,)l +VALZ,

W2+ VAL(pZ, + V1= p2Z,)
Common Random numbers

= E(91(X)) — E(g2(X))

1. Method 1: Estimate i, 15 using two independent

MC estimators ,ul)f(.f , M%g

1. Sample Z,, Z,
2. Set Wt(;) =
3. Set W, =

o Estimating p; — po

Var( MC) :L(Ul + 03)

2. Method 2 Estimate using the same random num-

bers uSRN

Var(uSRN) = (
o, = Var(g,(U)) ,
oy = Var(g,(U))
012 = Cov(g,(U), g,(U))
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¢ CRN outperform the independent estimator <
0'172 > 0

Lebesgue Integral

FV = lim

I HOZ‘G 1) = G|

Definition (Lebesgue Stieltjes Integral): If
FV(G) < oo then

Iy F(®AG(O)=lim,, oo X170 £(;)(G(t;1)-C(t)))
If G has a first derivative G’ = g(t) then

I FdG ()= [] f(t)g(t)dt

Definition (Expected Value):
distribution function of some r.v X then

Suppose F' is a

E(X) = / 2dF(X)



Definition (Quadratic Variation):

Lf, fI(T) = lim Z[f ]+1 j>]2

|TI| —0

Proposition: If f has a continuous first deriv-
ative then by Taylor [f, f][(T) =0

Theorem: The Brownian Motion W (t) for f €
[0,T] does not have finite first order variation
almost surely
FV(W) =00
W, WI(T) =T

Theorem (Ito Formula for a BM): Let W(t)

be a BM and f(¢,w) be a function for which the

partial derivatives f;, fi (s w)s fuww(t, w) defined
and continuous. Then for any 7" > 0

" / " W)t
/ Fr Wt

(T, W(T)) = f(0,W(0

/ftW )dW (t

Definition (Ito Process):
X(t) =X(0 a(u)du b(u)dW (u
©=X0)+ [ atwdu+ [ sawi

also

dX(t) = a(t)dt + b(t)dW (¢)

Theorem (Ito’s formula for Ito processes): Let
X(t) be an ito process, (suppose all appearing
derivatives are continuous) then

FIT,X(T)=F(0,X(0)+ f f(t, X (t))dt+

f fo(t,X(1)dX ()+3 f Fow(tX()d[X,X](t)

After simplification:

df(t,X(1)=(fota(t)fotgforb?(t))dt+f,b(t)dW (t)

Definition (Euler Approximation):
dX(t) = a(X(t))dt +b(X(t))dW (t)
X(0) = X(0) and
X(tisr)=X(t:)+a(X(t;))-A+b(X(t,))VA- 24

Where Z,, Zy, ..., Zy ~ N(0,1) iid.

Definition (Value At Risk):

VaR g
P(X < VaRgy)) = / fl@)dz=1-7

Value-at-risk is the 1 — 8 quantile of the distri-
bution.

Definition (Expected Shortfall):

ES4(X) = E(X|X< VaRﬁ)
1 1
ES4(X) = / VaR,du
B _ U
1-8 5

Note: The expected shortfall is sub-additive
ES4(X +Y) <ES4(X) +ESg(Y)

Algorithm (VaR and ES from sample):
X, X5, ..., X, is the sample data.

o Let X(3) < Xg) <... < Xy, be the sorted

data.
. ig = [(1=P)n]
o VaRB = ( 5)



Definition (Jump proccess):
dS; = pS,dt + o S,dW, + (J — 1)dN(¢)

Where where N (t) is a poisson process with rate
A. in a small interval of length At we have

_ |1 with prob ddt
AN = {O with prob 1 — ddt
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